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ON THE TORSION UNITS OF THE INTEGRAL GROUP RING OF FINITE 
PROJECTIVE SPECIAL LINEAR GROUPS 

ANGEL DEL RIO AND MARIANO SERRANO 


Abstract. H. J. Zassenhaus conjectured that any unit of finite order and augmentation one in the 
integral group ring of a finite group G is conjugate in the rational group algebra to an element of G. 
One way to verify this is showing that such unit has the same distribution of partial augmentations 
as an element of G and the HeLP Method provides a tool to do that in some cases. In this paper we 
use the HeLP Method to describe the partial augmentations of a hypothetical counterexample to the 
conjecture for the projective special linear groups. 


1. Introduction 

Let G be a finite group and let ZG be the integral group ring of G. Denote by V (ZG) the group of 
normalized units (i.e. units of augmentation 1) in ZG. Hans Zassenhaus stated a list of conjectures 
about finite subgroups of V(ZG). In this paper we deal with the unique one which is still open. It 
states that every torsion element of U(ZG) is rationally conjugate (i.e. conjugate in the units of QG) 
to an element of G. We refer to this statement as the Zassenhaus Conjecture. It has been verified for 
nilpotent groups |Wei91j . for cyclic-by-abelian groups [CMdB.l,^ and for p-group-by-abelian p'-groups 
[HerOhl . For non-solvable groups the Zassenhaus Conjecture has been proved only for a few simple or 
almost simple groups [HP72[ ILP891 ILT91t IHerOSl IGill3( IKK13t IHerOTt IBM14t IMarl5t IBM! IMdR.Slh] . 
Actually all the simple groups for which the Zassenhaus Conjecture has been proved are of the form 
PSL(2,p-^), i.e. projective special linear groups. 

Suppose that G = PSL(2,p-^) with p a prime integer and let u be an element of order n in V(ZG). 
Hertweck proved that u is rationally conjugate to an element of G provided that n is prime different 
from p, or n = p and / < 2, or re = 6 |Hern7| . This was extended by Margolis to p-regular elements of 
prime power order [Mar 16] , Recently Margolis, del Rfo and Serrano have proved that u is rationally 
conjugate to an element of G if re is coprime with 2p |MdRS16] . The aim of this paper is showing 
that the main tool used to prove these results fails for the next natural case to consider, namely when 
n = 2t with t prime and greater than 4. On the positive side the main result of the paper provides 
significant information on a possible counterexample to the Zassenhaus Conjecture of this kind. 

The tool mentioned in the previous paragraph is the HeLP Method which was introduced by Luthar 
and Passi in [LP89] and improved by Hertweck in [Her07| . The basic idea of the HeLP Method, for G 
an arbitrary finite group, is as follows: Given an element u G U(ZG) of order re, we call distribution 
of partial augmentations of u to the partial augmentations of the elements u'^ with d running on the 
divisors of re. Let 

TPA„(G) = {Distributions of partial augmentations of elements of G of order re} 

and 

PA„(G) = {Distributions of partial augmentations of elements of U(ZG) of order re}. 


The first author has been partially supported by CAPES (Proc n BEX4147/13-8) of Brazil. The second author has 
been partially supported by Ministerio de Economia y Competitividad project MTM2012-35240 and Fondos FEDER 
and Proyecto Hispano-Brasileno de Cooperacion Interuniversitaria PHB-2012-0135. 

Partially supported by Ministerio de Economia y Competitividad project MTM2012-35240 and Fondos FEDER and 
Fundacion Seneca of Murcia 19880/GERM/15. 


1 































By a theorem of Marciniak, Ritter, Sehgal and Weiss, every element of V{’LG) of order n is rationally 
conjugate to an element of G if and only TPAn(G) = PAn(G) (see Theorem I2.11(l4l) ). Calculating 
TPA„(G) is very easy but, unfortunately, calculating PA„(G') is usually difficult. The HeLP Method 
consists in calculating a set VPA„(G) containing PA„(G) which will be dehned in Section [2j We call 
the elements of VPA„(G), distributions of virtual partial augmentations of order n for G, because 
they satisfy some properties known for distributions of partial augmentations of elements of order n 
in V{'LG). If VPA„(G) = TPA„(G) then all elements of V{'LG) of order n are rationally conjugate 
to elements of G and, in case this holds for all the possible orders n, then the Zassenhaus Conjecture 
holds for G. The HeLP Method fails to verify the Zassenhaus Conjecture when VPA„(G) 7 ^ TPA„(G) 
for some n. Nevertheless, each element of VPA„(G) \ TPA„(G) provides relevant information of a 
possible counterexample to the Zassenhaus Conjecture. Indeed, it determines a conjugacy class in the 
normalized units of QG formed by elements with integral partial augmentations. Actually, using the 
representation theory of QG one can find a concrete representative of this class. With this information 
at hand, to prove the Zassenhaus Conjecture one should prove that none of these conjugacy classes 
contains an element with integral coefficients and to disprove it one should find an element in this class 
with integral coefficients. In this paper we prove that for G = PSL(2,p'f) and t an odd prime different 
from p the elements of VPA 2 t(G) \ TPA 2 t(G) are of a very specific form (see Theorem 12.3p . So, it 
could be potentially used to prove or disprove the Zassenhaus Conjecture in this case, but completing 
this would require new techniques. 

The paper is organized as follows: In Section [2] we introduce the basic notation of the paper, 
explain the HeLP Method and state the main result of the paper. In Section [3] we collect some 
general technical results. In Section 0] we recall the representation theory of a projective special linear 
group G = PSL(2,g) and calculate the sums Trf(m) = \g\=m'^d{g) for T E VPArt(G) for r and 

t two different primes not dividing q and d \ rt. We call these sums the accumulated virtual partial 
augmentations. Finally, in Section [5] we prove Theorem 12.31 

2. The HeLP Method and the main result 

In this section we introduce the basic notation and state the main result of the paper. 

Let Z>o denote the set of non-negative integers. For a positive integer n we always use Cn to denote 
a complex primitive n-th root of unity. If F/K is an extension of number helds then Tipix ■ F K 
denotes the trace map. 

Let G be a hnite group and let g € G. Then j^l denotes the order of g, (g) denotes the cyclic group 
generated by g and g^ denotes the conjugacy class of g in G. If a is an element of a group ring of G 
and ag denotes the coefficient of an element g of G, then the partial augmentation of a at 5 ^ is 

£g(ct) ~ ^ ^ Olh- 
hegG 

The following theorems collect some well known facts, the hrst one on partial augmentations of 
torsion elements in V (ZG) and the second one on torsion elements of V (Z PSL(2, q)). See |Seh93( 1.5, 
7.3, 41.5] or |Ber55( |Hig40| IMR.SW87] and |Hern7t iMarlbj . 

Theorem 2.1. Let G be a finite group and let u be an element of order n in IZ(ZG). Then the 
following statements hold: 

(1) If u 1 then ei{u) = 0 (Berman-Higman Theorem). 

( 2 ) n divides the exponent of G. 

(3) If g G G and eg{u) 0 then the order of g divides n. 

(4) The following statements are equivalent. 

(a) u is rationally conjugate to an element of G. 

(b) For every d \ n there exists an element go G G such that £g{u'^) = 0 for every g G G\gQ . 

(c) £g{u'^) > 0 for every g G G and every d \ n. 
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Theorem 2.2. Let G = PSL(2,g) for an odd prime power q, and let u be an element in V(ZG) of 
order n. Then the following statements hold: 

(1) If either gcd{n,q) = 1 or q is prime then G has an element of order n. 

( 2 ) If n is a prime power and gcd{n,q) = 1 then u is rationally conjugate to an element of G. 

If u is a unit of CG of order n then the distribution of partial augmentations of u is the list 
of class functions of G given by Tdig) = eg{u'^), for every g & G and every divisor d of n. It is easy to 
see that every conjugate to u in CG has the same distribution of partial augmentations as u. In case 
u and u' are elements of V (ZG) of order n with the same distribution of partial augmentations then 
u and u' are rationally conjugate. To explain this we need to introduce some notation. Let x be an 
ordinary character of G. The linear span of x to CG takes the form 

(1) x{u) = '^e^{u)x{x), {u€CG) 

xG 

where YIxG is an abbreviation of YIx&t ^ representatives of the conjugacy classes of G. 

Let p be a representation of G affording x- If 2 ; G C then the multiplicity of 2 ; as an eigenvalue of p{u) 
only depends on the character x and it is denoted by fi{z,u,x)- As = 1 , every eigenvalue of p{u) 
is of the form for some integer 0 < Z < n — 1 , and the following formula gives the multiplicity of Cn 
as an eigenvalue of p{u) in terms of the partial augmentations (see [LP89] ): 

(2) KCL ^ TrQ(^d)/Q(x(x)Cn 

x® d\n 

Observe that the right side of the previous formula makes sense because if £xiu^) 7 ^ 0 then xd = 1 , 
by Theorem [2T1(I3]), and hence x{x) G Q(Cn)- Since u and u' have the same distribution of partial 
augmentations, Formula m implies that the images of u and u' by all the representations of G 
have the same eigenvalues with the same multiplicities. Thus u and u' are conjugate in CG and 
hence they are rationally conjugate (see |Seh93l Lemma 37.5]), as desired. This serves as a proof of 
Theorem 12.1 1([^ and also explains why proving the Zassenhaus Conjecture for G is equivalent to prove 
that PA„(G) = TPA„(G) for every n. Clearly, 

TPA„(G) = |(Trf)^|„ : there exists g € G with Trf(h) = 1 if h G (g^)^ and Trf(/i) = 0 otherwisej , 
but PA„(G) is usually hard to calculate. 

The equality in ([2|) extends to Brauer characters modulo a prime p not dividing n. More precisely, 
let p be a representation of G in characteristic p and let x be the Brauer character afforded by p with 
respect to a sufficiently large p-modular system. Let u be an element of order n in V{’LG) with n 
coprime with p and let p{Ch, u, x) denote the multiplicity of as an eigenvalue of p{u), where the bar 
notation stands for reduction modulo p. This multiplicity can be calculated using ([2]) (see [Her nu). 
Again the formula makes sense because if £g{u) 7 ^ 0 then g is p-regular, by Theorem 12. 1 1 (131). 

Formula ([2]) is the bulk of the HeLP Method. Namely, if n G V{’LG) satishes u” = 1 and x is either 
an ordinary character of G or a Brauer character of G module a prime not dividing n, then for every 
integer I 

~ £x{u^) Tr(Qi(-|;;d)/Q(x(a:^)Cn ^ ^>o- 

d\n 

Let n be a positive integer. A distribution of virtual partial augmentations of order n for G is a list 
T = (Trf)rf|„, indexed by the divisors of n, where each is a class function of G taking values on Z, 
and the following conditions hold: 

(VI) ExG T,(x) = 1 ; 

(V2) if d 7 ^: re then Trf(l) = 0; 

(V3) if 2 is not multiple of |a:| then Trf(x) = 0; 
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(V4) if X is either an ordinary character of G or a Brauer character of G modulo a prime not dividing 
n and I € Z then 

= ^'^'^'^d{x)TiQ^^dyQ{x{x)Cn^‘^) € Z>o. 

d\n 

As for (j2l), the right side of the previous formula makes sense because, by (V3), if T^(x) ^ 0 then the 
order of x divides ^ and hence x is p-regular and x(x) G Q(Cn)' Let 

VPA„(G) = {Distribntions of virtual partial augmentations of order n for G}. 


We have 

TPA„(G) C PA„(G) C VPA„(G). 


Indeed, the first inclusion is obvious and the second one follows from the Bergman-Higman Theorem, 
Theorem 12. 11(|^ and formula 

Let G = PSL(2, g) with q an odd prime power and let t be an odd prime. By Theorem 12.21 (fTI). 
V (ZG) has elements of order 2t if and only if so does G if and only if = ±1 mod 4t. Thus we assume 
that q = ±1 mod 4t. For go € G with j^ol = 2t and t > 5 let denote the list of class functions 
(T(9 o)^ of G defined as follows: 


( 3 ) 


Tr(9o)(^) 


/ ( t-1 t + 1 'I 

1, if (^,5*^) € |(2t,l'='),(t, (g^)'^),(2, (5(§)'^),(l,(go2 )G')| ; 

-1, if {d,g^) = 

,0, otherwise. 


As explained in the introdnction we calculate VPA 2 t(G), namely we prove the following. 


Theorem 2.3. Let t be an odd prime and let q be a prime power such that q = ±1 mod 4t and let 
G = PSL(2,g). Then VPAe{G) = TPA6(G) and ift>5 then 

VPA 2 i(G) = TPA 2 i(G) U : 50 G G, \go\ = 2t}. 

Suppose that t > 5 and let go be an element of order 2t in G = PSL(2,g). Then is the 

distribution of partial augmentations of the elements of a conjugacy class G in the units of QG 
of an element of order 2t in P(QG) with integral partial augmentations. To settle the Zassenhaus 
Conjecture in this case it remains to decide whether G contains an element u with integral coefficients. 
If not, the Zassenhaus Conjecture holds in this case and otherwise u provides a counterexample for 
the Zassenhaus Conjecture. The smallest example of this situation is encountered for g = 19 and 
t = 5. However, Bachle and Margolis has proved the Zassenhaus Conjecture for this example with 
a technique which they called the Lattice Method |BM14] . Unfortunately, the Lattice Method does 
not apply for the next cases (g = 27 and g = 29 and t = 7) basically because the representation type 
appearing in these cases is wild. 


3. Preliminary general results 


In this section we collect some technical results that will be used in subsequent sections. We start 
quoting: 


Lemma 3.1. |Marl6l Lemma 2.1] If n and d are positive integers with d \ n then = 

where ip denotes the Euler’s totient function and p denotes the Mobius function. 


The following well known formula, for k and d integers with A: > 0, will be used in several situations: 


( 4 ) 


fc-i 

Eu" 

1=0 


0, if A; I d] 
k, otherwise. 
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In the remainder of the section G is a finite group, n is a positive integer and T G VPA„(G). If m 
divides n then we define 

T™ = ((T-)d)d|m with {T^)d{g) = Td^{g) for g € G. 

Observe that if T is the distribution of partial augmentations of an element u € P(ZG) of order n 

n n 

then Tm is the distribution of partial augmentations of . Moreover, 

(5) if T € VPA„(G) and m \ n then g VPAm(G). 

Indeed, that Tm satisfies (VI), (V2) and (V3) is elementary and (V4) follows from the following 
lemma. 

Lemma 3.2. Let G be a finite group. Let n and m be positive integers with m \ n, let I and let 
T G VPA„(G). Let x be either an ordinary charaeter of G or a Brauer eharacter of G module a prime 
not dividing n. Then 

Proof. Let k = ^ and fix € C with Co = Cm- Then = Cm T and only if ^ T and only if 

C = CoCfc some f G {0,1,... , A; — 1}. Then 

( k—1 

*—0 

xO d\n,k\d 

where the last equality is a consequence of (jl|. Furthermore {d ■. d \ n,k \ d} = {kdi : di \ m} and 
has order m. Thus 

^ /i(C,T,x) = ^(T^)rf^(x)TrQ^^^i^/Q(x(x)Cm''^i) = ^(C^,T^,X). 

C Ck—fl t.G H.a Im 


Proposition 3.3. Let G be a finite group and let n be a positive integer. //VPA„(G) 7 ^ 0 then every 
prime divisor of n divides |G|. 

Proof. Let p be a prime not dividing |G| and let T G VPAp(G). By (V2) and (V3), Ti(p) = 0 for 
every g € G and this is in contradiction with (VI). This shows that if p does not divides the order of 

n 

G then VPAp(G) = 0. Now, if T G VPA„(G), with p a prime divisor of n then Tp G VPAp(G) by 
m, and hence p divides the order of G, by the previous sentence. □ 

Let X be either an ordinary character of G or a Brauer character of G module a prime p not dividing 
n and let m be a divisor of n. Let 

Td(x)TrQ(^d)/Q(x(x)). 

d\n,m\d 

By (V4), for every f G Z, we have 

0 < p(Cm,T,x) =/^m(T,x) + Y '^d{x)TrQ,^^dyQixix)Cm^). 

d\n,m^d 
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Combining this with ([1]) we obtain 

0 < /x(l,T,x) =/i;;(T,x) + ^^ '^<i{x)TT:Qi^^dyQixix)) 

d\n,m\d 

^ m—1 

= - -J2Y1 Y1 '^d{x)TvQy^yQ{x{x)C~‘^^) <my-{T,x). 

1=1 d\n^m\d 

We record this for future use: 


( 6 ) 


0 < /x(l, T, x) < my^{T, x)- 


4. Preliminary results for PSL(2,g) 

In this section p is an odd prime, q = with / > 1 and G = PSL(2,g). In the first part of the 
section we describe the ordinary and Brauer characters of G which will be used in the remainder of 
the paper. In the second part we first describe VPAr(G) with r a prime different from p and then 
we calculate the accumulated virtual partial augmentations of elements in VPArj(G) with r and t 
different primes such that q = ±1 mod 2rt. 

Suppose that G has an element go of order m with p \ m. Then q ^ e mod 2m with e = ±1. 
Moreover, every element of G of order dividing m is conjugate to some element of (go) and and g^ 
are conjugate in G if and only if i = ±j mod m. 

If h is an integer then let (l)h, V’/i ^ (go) —> C be defined as follows: 


4>hi9o) = 


q + e, 


if m I i; 


V’h(5'o) = 


q — e, if m I i; 

0, otherwise. 


Otherwise; 

Given R = (ro,ri,... ,rfc) € let 

= {('SO) si,..., Sk) G : —Tj < Sj < rj and 2 | r^ — Sj for each j}. 

If moreover tq + • • ■ + is even then let 


(7) Vn-h = |('So! si,..., Sk) € Xr \ {(0,... ,0)} : 

and let Xro,ru...,rk ■ {Qo) C be defined by 


= ±/i mod m 


Xro,ri,...,ri^ iai) = E Cln 

{so,si,...,sk)eXji 


.^1=0^ 


Lemma 4.1. Let go be a p-regular element of G of order m. Then the following statements hold for 
s € Z and R = (ro, ri,..., rk) G Z^+^ with ro + ri + • • • + even: 


( 1 ) 

( 2 ) 

(3) 

(4) 


If m\ s then both <fs and ips are the restriction to (go) of ordinary characters of G. 

Xro,ri,...,rfe is the restriction to (go) of a Brauer character of G modulo p. 

If X is an irreducible Brauer character of G modulo p then the restriction of x to (go) equals 
Xro,ri,...,rf_i for somc integers 0 < ro,ri,... ,rj_i < p — 1 with ro + ri + • • • + rj_i even. 


{ m 

(1 + 2no)lG + e Eh=i {(ph -'iph), if‘^\ rj for all j; 

TfL 

2nolG + e Eh=i '^h {4>h - i^h) , otherwise] 

where 2nh = |Tr;/i| and 1g denotes the trivial character of G. 
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Proof. ([T]) To prove that 4>s and ipg are the restriction to (go) of ordinary characters of G we simply 
express them in terms of the irreducible characters gi, r/ 2 , Si and Xi of G as described in Table 2 of 
|Her07j . If s = ±s' mod m then (j)s = fg' and ips = V’s'- Therefore we may assume that 1 < s < y. 
Firstly, if m is even then is the restriction of gi + g 2 , and is the restriction of any 9j if e = 1, 
and the restriction of any Xj if e = — 1. This covers the case s = ^. Suppose otherwise that 1 < s < y. 
If e = 1 then fs is the restriction of and tps is the restriction of 0 while if e = — 1 then (fg 

“ 2 m “ 2 m 

is the restriction of 9 q+i and 'il)g is the restriction of x.g+i. 

“ 2 m “ 2 m 


([2]) Let iL be a field of characteristic p. The following defines an action by iL-automorphisms on 
the group SL(2,g) on the ring of polynomials K[X,Y] |Alp86 Pages 14-16]: 


X = aX + bY, 


a b 
c d 


Y = cX + dY. 


If n is a positive integer then the vector space Vn formed by the homogenous polynomials of degree 
n is invariant under this action and, if moreover n is even then ' ^ ^ 


0 -1 


acts trivially on Vn- 


Therefore G acts on Vn provided that n is even. 

Let us hx integers 0 < ro, ri,..., r*, < p — I such that rg + ri + • • • + is even and let n = 
fo + np + ■■■ + r^p^. Then n is even. Let ITro,ri,...,rfe be the subspace of Vn generated by the 
polynomials of the form x^Y'^~^ with i = Iq + iip + • • • + ikp^ and 0 < ij < rj for every j. For such s 
we have 


a b 
c d 


XV 


{aX + bYficX + dY)^-^ 

k 


h\^h-^h 


[aP XP + bP YP j [cP XP + dF YP 

h={) 

k / ih \ /rh-ih 


h=0 \n=0 


rh 


i ;=0 




-V - 


E 


5,XV-^ € IF,„, 


h=o \i=o 


i=J0+JipH- 

0<jh<rh 


Therefore, IFro,ri,...,rfe is invariant by the action of G and hence it is a iFG-module. Let p denote 
the iL-representation of G given by IFro,r-i,...,r-fc let x be the Brauer character associated to the 
p-modular character afforded by p. If e = 1 then ^ 2 m belongs to the field with q elements, so that 
the diagonal matrix D = diag(C 2 m) C 2 m ) belongs to SL(2,g). After a suitable election of C, 2 m we 
may assume that go = D because go is conjugate to a power of D in G. Then each base element 
jrsyn-s eigenvector of p{go) with eigenvalue C 2 m^* ” = C 2 m* = Cm^ for 5 = 50 + sip+ • • • + SkP^, 
—Pj < Sj < rj and 2 | rj — Sj for each j. Therefore Xro,ri,...,rk coincides with the restriction of x to 
(^o)- Suppose that e = —1. Then D € SL(2,g^) and this group acts on ITro,r'i,...,rfe in the same way. 
Again we may assume that go = D and the same argument shows that the restriction of x to {go) 
coincides with Xro,rq,...,ru- 

(l8|) The absolutely irreducible characters in characteristic p of SL(2, q) have been described in [BN41] 
(see also |Sri64j ). After lifting these characters to G we obtain that if 0 < ro,ri,... ,rf-i < P — 1 
and ro + ri + ■ ■ ■ + rj_i is even then Xro,ri,...,rf-i is the restriction to {go) of an irreducible Brauer 
character of G modulo p and, conversely, the restriction to {go) of any irreducible Brauer character of 
G modulo p is of this form. 

dH) Straightforward. □ 
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Convention: In the remainder of the paper we will often encounter some fixed element qq € G. 
Then we will use the functions V’/i, Xro,ri,...,rj. : (ffo) —t C and we will abuse the notation by referring 
to the first two as ordinary characters of G and to the last ones as the Brauer characters of G module 
p, rather as the restriction to (go) of such an ordinary or Brauer character. This will be harmless 
because we will use only these restrictions. 


Proposition 4.2. Let G = PSL(2, q) with q an odd prime power and let r be a prime not dividing q. 
Then TPA^(G) = VPA^(G). 


Proof. The result is trivial if g ^ ±1 mod 2r because in such case r does not divides |G| and hence 
VPAj.(G) = 0 = TPAr(G), by Proposition 13.31 The result is also trivial if r = 2 because all the 
elements of G of order 2 are conjugate. So suppose that r is odd and g = ±1 mod 2r. 

Let T G VPAr(G). To prove the lemma we fix an element g^ ^ G oi order r and use (V4) with the 
Brauer character X 2 - We have that {^q : i = 1,..., is a set of representatives of the conjugacy 

r —1 

classes of G of elements of order r. Then, by (VI), (V2) and (V3), we have = 1- 

Moreover, for each /, i € {1,... , we have 


'^’^Q(Cr)/Q(X2(fl'o)Cr ) - 


r — 3, if i = ±/ mod r; 
—3, otherwise. 


Hence 


r —1 
2 


p(C;,T,X 2 ) = - (r--3)Ti(5(,)-3 ^ T,{gl) + 3 \ = T,{gi) e 

\ ) 

Therefore, there is an integer i in the interval [l, such that Ti( 5 q) = 1 and T\{h) = 0 for 
every h ^ G \ {gh)^- Then T is the distribution of partial augmentations of g^. We conclude that 
T G TPA^(G). □ 


Corollary 4.3. Let G = PSL(2, q) with q an odd prime power and let m be a square-free positive 
integer. Assume that q = ±1 mod 2m and let T G VPAm(G). Then G has an element go of order m 
such that for every prime divisor t of m we have 


( 8 ) 


r^ig) 



( m \G 

9o ) ; 

otherwise. 


Proof. Fix an element gi of G of order m. By ([5]) and Proposition 14.21 if t is a prime divisor of m 
then T~ G VPAt(G) = TPAt(G). As every element of order t in G is conjugate in G to an element of 

m ^ 

{gf ), we deduce that there is an integer it coprime with t such that T~ is the distribution of partial 

—it 

augmentations of gf . Let i be an integer with i = Pit mod t for every prime t dividing m and let 

m —if m 

50 = 5i- Then gf = gf for every prime t and hence Tt is the distribution of partial augmentations 

m 

of gf . In particular, ([8]) holds for every prime t. □ 


In the remainder of the section r and t are different primes such that g = ±1 mod 2rt and T G 
VPArt(G). By Corollary 14.31 G has an element go of order rt, which will be fixed for the remainder 
of the section, such that 


(9) 


T.(5) 


1, if 5 € ( 55 )'^; 

0, otherwise; 


and Tt{g) 


1 , if 5 € (50)*^; 
0, otherwise. 


As every element of G of order divisible by rt is conjugate to an element of (go), we have that Tiig) = 0 
for every g & G which is not conjugate to an element of (go) \ {!}■ This will simplify the expression 
in (V4), as in the following lemma. 


For a general finite group G, an element T = {Tci)d\n of VPA„(G) and a positive integer m we 
define the accumulated virtual partial augmentations of T at m as follows: 

^d{m) = Td{g). 

gO,\g\=m 

Lemma 4.4. Let x be either an ordinary character or a Brauer character of G module p. Then 

^ ^i(»^i)TrQ(^^,)/Q(x(5o))+ Ti(t)TrQ(^^^)/Q(x(55))+ ^i(OTrQ(Cr-t)/Q(^(5'o))+ 


and 


TrQ(c.)/Q(x(5o)) + TrQ(^,)/Q(x(£/5)) + x(l)] 

0 < /i(l,T,x) < ^ [x(l) + TrQ(^^)/Q(x(5S))] • 


Proof. If X and y are elements of G with the same order, then x is conjugate in G to a power of y. 
This implies that if e is a multiple of this common order then there exists cr € Gal(Q(Ce)/Q) such 
that x{x) = a{x{y)). (If X is a Brauer character modulo p then one assume that G Gp.) Thus 


Tr, 


Q(Ce 


x)) = TrQ(^^^/Q(x(?/)). Combining this with (V4) we obtain the expression for ;u(l,T,x) 


in the lemma. Moreover, (T,x) = ^(x(l) + by 

consequence of ([6|) for n = rt and m = r. 


The inequality is then a 

□ 


The specialization of the following lemma to the case where T is the distribution of partial aug¬ 
mentations of a torsion element of V (ZG) is a particular case of a result of Wagner |Wag95 , IBM15| . 

Lemma 4.5. t divides Ti{t) and r divides Ti(r). 

Proof. By symmetry we only have to prove t | Ti(t). We will give one proof for the case when t is 
odd and another one for the case when r is odd. This cover all the cases because r and t are different 
primes. Write q = e + 2rth with e = ±1 and h an integer. We will use Lemma 14.41 and (V4) with the 
ordinary character (ft (relative to the element go of order m = rt hxed above). 

Using Lemma EH for any j we have: 




2e(r - l)(t - 1), ifr|j; 
2e(l-t), if rfj. 


t{9o)) = -2e if 


Clearly, we also have TrQ(^^)/Q((^t(fi(^)) =J2.e{t - 1) if gcd{rt,j) = r, and TrQ( 
gcd{rt,j) = t- By (VI) we have Ti(r) -|- Ti(t) -|- Ti(rt) = 1. Combining this with Lemma 14.41 we get 

rtp{l, T, (ft) = 2re(t — l)Ti(t) -|- 2rth. 

Thus, if t is odd then t divides Ti(t). 


Suppose r odd. Let 1 < j < be an integer. We have for every integer i that 

(fO) "^^Q{(:rt)/Qi^ti9o)Crt^) = 


e(r — 2)(t — 1), if i = ±j mod r; 
2e(l — t), if i ^ ±j mod r. 


For every 1 < i < ^ we denote Xi = Ei<k<^,k=±i mod r 


^ —Then Ti(t)-hX)*Ji Xi = 1. By ([TOl), 
we obtain that Ti( 5 ^) TrQ(^^,)/Q(())t(c/g)C“tT) = e{t - l)(-2Ti(t) + (r - 2)xj -‘lY.i+j Xi) = 

e{t - l){rxj - 2). Moreover, we have TvQ(^^^yQ{(j)ti9o)Crt^'') = 2e(t - 1) and 

m iA.ft\r-3p\ uu /(^-2), if jt = ±1 mod r; 

'I1q«,)/q(A(9oK„ )=t»J wrth “^ = 1-2, ifiMilmodr. 

Applying condition (V4) with the character (ft and I = jt we deduce that 


e{t — l)(rxj — 2) -|- 2e{t — 1) -|- ewj + 2rth + 2e = 2hrt -|- e{rxj{t — 1) -|- 2 -|- wj) 
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is a multiple of rt. In particular, t divides 2 + Wj — rxj for every j = 1,..., Summing for 

r—1 / r—1 

j = 1,..., and taking into account that Yljh '^j = 1 we obtain that t divides r ( 1 — Yljh 
rTi(t). Therefore t | Ti(t), as desired. □ 

Proposition 4.6. Let T be an element of\Y’Krt{G), where G = PSL(2,(7) for an odd prime power q 
and r and t are different primes with {rt, q) = 1. Then 

Ti(r) = Ti(f) = 0 and Ti{rt) = 1. 

Proof. By symmetry we may assume that r < t. We first prove that Ti(t) = 0. For that we use 
Lemma 14.41 applied to the Brauer character X 2 r- Using Lemma l3.ll we have 

TrQ(Crd/Qter(5'o)) = {t- l)(r - 1), 

'^Q(CrO/Q(^2r(5o)) = it- 1)(’’ - 1)> TrQ(Crt)/Q(^2r(5S)) = (r - l)(t - 1 - 2r), 

Ti'Q(CU/Q(^2r(fi'o)) = r-l and TrQ(^^)/Q(x2r(5o)) = t - 1 - 2r. 

Combining these equalities with Ti(r) + Ti(t) + Ti(rt) = 1, we obtain by straightforward calculations 
that ^(l,T,X 2 r) = ^ — X2r(l)+ TrQ(^^)/Q(X2r'(5o)) = Using Lemma ITTl we conclude that 

0 < ^ By Lemma 14.51 we know that —is an integer, hence Ti(t) = 0 as desired. 

Then Ti(r) + Ti(rt) = 1 and it remains only to show that Ti(r) = 0. For that we use Lemma 14.41 
with the Brauer character X 2 - In this case we have 

TrQ(Crt)/Q(^2(5'o)) = tr - r - t + 3, 

TrQ(C.t)/Q(X2(5'o)) =tr-r-3t + 3, TrQ(^^^)/Q(x2(fi'5)) = tr - 3r - t + 3, 

TrQ(^^)/Q(X2(5o)) = r-3 and TrQ(^^)/Q(x2(55)) =t-3. 

Therefore, we have that /u(l, T, X 2 ) = 1 - 2 ^ 2 ^ and X2(l)+TrQ(^^)/Q(x2(fl'o)) = Applying LemmalO] 
we obtain 0 < < i and the result follows, since, by Lemma 14.51 is an integer. □ 

5. Proof of Theorem 12.31 

In this section we prove Theorem 12.31 So t is an odd prime integer, q is a prime power with 
g = ±1 mod 4t and G = PSL(2,g). If t = 3 then G has a unique conjugacy class of elements of 
order 3 and a unique one of elements of order 6. Combining this with Proposition 14.61 we deduce that 
VPA6(G) = TPA6(G). The specialization of this to partial augmentations of torsion units is a result 
of Hertweck [HerOTl Proposition 6.6]. So in the remainder we assume that t > 5. We set n = 

We first prove the inclusion VPA 2 t(G) C TPA 2 t(G) U : go & G, |go| = 2t}. For that we take 

an element T = (Ti, T 2 , T^, T 2 t) of VPA 2 t(G) and we show that there is an element go of order 2t in 
G such that either T = e* or T = where e* is the distribution of partial augmentations of go 

and is as in ©• By (V3), if g is an element of G of order not dividing 2t then Tdih) = 0 for 

each d \ 2t. By the results of Section U there exists go G G of order 2t such that T* and T 2 are as in 
(1^ with r = 2. This shows that = e* and T 2 = where e* is the distribution of 

partial augmentations of go- As, clearly T 2 i = ~ ^ 2 ti remains to show that Ti is either or 

-^(30) 

Let Odd denote the set of odd integers in the interval [1, t — 1] and for each / € [1, t — 1] let 

I, if / G Odd; f 1, if/€{l,t —1}; , f 1, if / G {1, 2, t — 2, t — 1}; 

wi = < and Wi = < 

t — I, otherwise; I 0, otherwise; I 0, otherwise. 

Observe that ii is the unique element j G Odd with j = ±/ mod t and ini is the unique element 
j G Odd with 2j = ±.1 mod t. Moreover, ii 7 ^ ini because n ^ ±I mod t, as t > 5. 
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We also use the notation T = TrQ(^2t)/Q = Tr, 

Observe that {g^ : i G Odd} and {(7o~* • * ^ Odd} are sets of representatives of the conjugacy classes 
of elements of G of orders 2t and t, respectively. By Proposition 14.61 we have 

Ti( 5 ^) = Ti = 0 and ^ Ti (5^) = 1. 

2€Odd 2GOdd 

By (V4) and Lemma l4.1l ([2]) if m is an even integer and I G Z then 

Xm(l) + Xm (do) ( — 1)^ + r (xm (do) ^ 21 ^^ 


( 11 ) 


2t 


( 12 ) 


+ E (^1 (5o) T {xm (5o) C 2 -/) + Tl {gt^) T {xm {gt^) C 2 t)) 


2€Odd 


G Z>o. 


We will use this with I G {1,... — 1} and m G {2,4}. To facilitate the calculations we collect the 

following equalities which are all direct application of Lemma 13.11 

X2(l) = 3, X2 (ffo) = -1 X4(l) = 5, X4 {go) = 1, 

T (x 2 {gl) C 2 t^^) = twi - 3, T (x4 {gi) Caf') = tWi - 5. 


Moreover, if i G Odd then 

(l-t)(-l)^ = 


T (X2 (95) Cii') = 

T (X2 (95“‘) C24) = 


-1)', otherwise; ^ Cet) = ' 


(t-3)(-l)^ \ii = ii-, 


t{xa {gV)C2!) = 


(—3)(—1)^, otherwise; 

Plugging this information in ()12l) for m = 2 and m = 4 and using (jlll) . we obtain 


(t + l)(-l)'+^ = 

(t-l)(-l)', ifi = ini-, 

(—otherwise; 

(t-5)(-l)^ a i € {ii,ini}; 
(—5)(—1)^, oherwise. 


(13) 
and 

(14) 


|((-iy(Ti( 5 ^")-Ti( 5 ^'))+^,) G Z>o 


-1)' (Tl {gl-‘ ) + Tl ) - Tl {g}^ ) + Ti [g^^^ ))+Wi) G Z> 


t-H 


-’> 0 - 


Using (fT3l) with I and with t — I we obtain Ti(g'Q) — Ti( 5 q < tc; if / G Odd. In particular, 

(15) Ti(5[,) = Ti( 5^^ if/GOdd\{l}. 

This together with (jlll) yields 

(16) Ti(5o) = 1- E T^i(5o) = 1- E Ti(5^') = 1 + Ti(5^'). 

/eOdd\{i} 5eOdd\{i} 

We now combine ()15p and (jl6p with pi4p for I and t — 1. When we take / = 1 we obtain 

Ti(<7^'*) = Ti(5^‘-)g{ 0,1}; 
and when we take I G Odd \{1, t — 2} we have 

Ti(5(,"*) = Ti(( 7E"') = 0, if Z € Odd\{l,t - 2}. 

As I !-)• ini dehnes a bijection Odd —)> Odd mapping t — 2 to 1, the latter is equivalent to 

Ti(5o) = '^ligV) = 0> for all I G Odd\{i„, 1}. 

Thus 

Ti(5o) = 1 + Ti( 5^') = 1 - E 1 = 1 - ^i(ffo") e {0> !}• 

5eOdd\{l} 
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Since {imi—in} = {n, n+l}, we conclude that either Ti(g'o) = 1 and Ti(g'Q) = 0 for every 2 < / < t—1, 
or Ti(c/o"^) = -1, Ti( 5 ^) = Ti( 5 o+^) = 1 andTi(c?(,) = 0 for every integer I in [1, t-l]\{n, n+1, t-1}. 
In the first case Ti = ej and in the latter case Ti = as desired. This finishes the necessary part 

of the proof. 

To finish the proof of Theorem 12.31 it remains to prove that if qq is an element of G of order 2t then 
j;{9o) g VPA2i(G). That satisfies conditions (VI), (V2) and (V3) follows by straightforward 

arguments. So it remains to show that the following is a non-negative integer for every ordinary or 
Brauer character: 




x(l) + X (do) (-^y + ^ (x (so) + (x (50 ) + X “ X (do ^)) C 2 /) 


Actually, it suffices to consider Brauer characters module the prime p dividing q. This is a consequence 
of the following remark, which was brought to our attention by Leo Margolis. 


Remark 5.1. Let G = PSL(2, q), with q a power of a prime p and let n be an integer coprime to p. 
Let T = (Trf)rf|„ he a list of class functions of G satisfying conditions (VI), (V2) and (V3). Then 
T € VPA„(G) if and only if it satisfies (V4) for every irreducible Brauer character of G modulo p. 

Proof. Suppose that T € VPAn(G) satishes (V4) for the irreducible Brauer characters of G modulo 
p. Observe that p{Chi "^iX) is Z-linear in the last argument. This implies that if condition (V4) holds 
for the class functions fi, ■ ■ ■, fk then it also holds for each linear combination x = oi/i + • • • + akfk 
with ai,... ,afc non-negative integers. This is also valid for class functions defined on the t-regular 
elements of G for a given prime t. Therefore, to verify (V4) it is enough to consider irreducible ordinary 
characters and irreducible Brauer characters of G. Moreover, as n is coprime with p, by (V3), each 
non-zero summand in the expression of //(Cm x) correspond to p-regular elements, for any ordinary 
or Brauer character of G. Thus we only have to consider the restriction of each ordinary character 
of G to the p-regular elements and the restriction of Brauer characters of G modulo a prime t to the 
{p, t}-regular elements. If t is a prime integer then the restriction to the t-regular elements of G of 
an irreducible ordinary character of G is a linear combination of the irreducible Brauer characters 
of G modulo t with coefficients in the decomposition matrix relative to t and these coefficients are 
non-negative (see e.g. |Ser78[ Section 15.2]). Using the expression of the ordinary characters of G on 
the p-regular elements in terms of the Brauer characters of G modulo p we deduce that (V4) holds for 
all the ordinary characters of G. Let now t be a prime different from p. The decomposition matrix A 
of G relative to t is described in |Bur76j . Every non-zero column of A contains an entry equal to 1 
in a row on which all the other entries are 0. This implies that each Brauer character of G modulo t 
equals the restriction to the t-regular elements of an ordinary character of G. Hence (V4) also holds 
for Brauer characters of G modulo t. □ 


By Lemma [4.1[ ([3|l and Remark 1 5. 11 it remains to show that if rg, ri,..., are non-negative integers 
with rQ + ■ ■ ■ + rk even and I is an integer then p{C, 2 t^ Xro,ri,...,rfc) S Z>o. For that we use that 
the map x is linear and the expression of Xro,ri,...,rk obtained in Lemma ITTl(141) in 

terms of the ordinary characters Ic, f’h and for h € {1,... ,t}. Hence we start considering the 
latter characters. 

In the remainder of the proof I is an integer, h € {1, ■ ■ ■ ,t} and e = ±1 with q = e mod 4L We will 
use Lemma l3.II without specific mention. An easy calculation shows that 

(17) = and M4,T(5°UG) = (n 

Zt I U, otherwise. 

Now we calculate For that we introduce the following notation: 

j 1, if h = P2l mod 2t, or h = PI mod t and 2 \ I; It, if hi = PI mod f; 

10, otherwise; 10, if hi ^ PI mod t; 
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for each 1 < i < t - 1. Clearly, we have (phigo) = 2e(-l)^, T{(j)h{go)C 2 t) = (7*,/ “ 2)e(-l)'**+', 
ln,i = 7n+i,Zj 72,2Z = 7t-i,z = 7i,z and 

7m( 1 - (-1)') + 7n,z(-l)""+'(l + (-1)") = 

Therefore 

T (^(ph {gl) - (Ph {gl~^) Qt) = e(7i,z - 2)(1 - (- 1 )') 

and 

r ((01 (sS) + A (9j+')) a') = e(7n., - 2)(-l)'‘"+‘(l + (-I)'*)) = ‘I ^ j 


Hence 

(18) „ (Ck T(»«). 0i) = + + (-!)'■)) 


g - e 

2t 


+ e z?zi,z- 


Let R = (rQ,ri,... ,rk) € with rg + ri + • • • + even, and let 2n/j be the cardinality of 

the set Vr;/i defined in ([7]). Observe that T,x) is linear in the third argument. Then, using 
Lemma |TTJ dH) , (fTTll and (fT8|) we obtain 


t 

(19) = W(C2t,T(^°),lG) + 

Zi=l 

where ko is either 2no or 1 + 2no. This finishes the proof of Theorem l2.3t as the expression in (I19p is a 
non-negative integer because 1 g) is either 0 or 1 by dm), and all the Uh are non-negative 

integers. 
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